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A common feature of reparametrization invariant theories is the difficulty involved in identifying 
an appropriate evolution parameter and in constructing a Hilbert space on states. Two well known 
examples of such theories are the relativistic point particle and the canonical formulation of quantum 
gravity. The strong analogy between them (specially for minisuperspace models) is considered in 
order to stress the correspondence between the "localization problem" and the "problem of time," 
respectively. A possible solution for the first problem was given by the proper time formulation of 
relativistic quantum mechanics. Thus, we extrapolate the main outlines of such a formalism to the 
quantum gravity framework. As a consequence, a proposal to solve the problem of time arises. 
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Since B.S. DeWitt's celebrated paper Q about the 
canonical formulation of quantum gravity (QG) was pub- 
lished, the problem of time and the interpretation of the 
wave functional have remained unsolved. 

The main difficulty in reconciling the antagonistic for- 
malisms of quantum mechanics and the theory of relativ- 
ity lies in the role and interpretation of "time." This is 
true not only in the case of general relativity, but also at 
the level of the special theory of relativity. In fact, while 
the latter theory deals with the space-time coordinates 
on an equal footing, quantum mechanics privileges an ex- 
ternal absolute parameter which labels the evolution of 
the state of the system. Therefore, in the second case, 
"time" should have the properties of a c-number, unlike 
in the first case where, since the spatial coordinates are 
raised to the status of operators, Lorentz transformations 
should impose this character on the temporal coordinate 
as well. Thus, this dual role of "time" generates a conflict 
in relativistic quantum mechanics (RQM). This is basi- 
cally the reason why a one-particle theory in the usual 
formulation of RQM has several conceptual difficulties, 
such as the interpretation of negative energies which gave 
origin to the famous "problem of localization." (An ex- 
haustive review of the localization problem up to the 70s 
can be found in ||^). 

The history of physics teaches us that every conflict 
arising from the unification of two fundamental theories 
reveals the incompatibility among hypotheses of the two 
theories. Thus, some of them must be removed and there- 
fore some prejudices we firmly cling to must be overcome. 

In the 40s a proper time formalism (PTF) was devel- 
oped [H for a possible unification between special rela- 
tivity and quantum mechanics, within the framework of 
a consistent one-particle theory. However, the price that 
we must pay to celebrate this wedding is to give up the 
concept of definite mass state. 

The PTF introduces an evolution absolute parame- 
ter r, independent of the proper time but related to it 
through the classical limit Q|, which parametrizes the 
dynamics of the system. This parameter plays the role 
of "time" 1^,^ , while the temporal coordinate has a dif- 
ferent status, being promoted to the rank of operator. 
The classical mass constraint is removed but neverthe- 
less the standard RQM is recovered on-shell. In this way 
the formalism closely copies the general outlines of the 
nonrelativistic quantum mechanics, furnishing the theory 
with a well known structure. 

This matter has recently gained renewed interest with 
the appearance of several works that intended to go be- 
yond the formal aspects. (Versions of RQM similar to the 
one presented here have been considered, e.g., in Refs. 
gli. See also Refs. §1). 

In the last decade the analogy between the canonical 
formulation of QG and the spinless relativistic point par- 
ticle has been widely exploited Therefore, it is not 
surprising to find the same kind of difflculties since both 
systems are similar in nature. These issues are known in 
QG as "the problem of time" 0. 



The aim of this essay is two-fold. On the one hand 
we try to connect two lines of research, the localization 
problem in RQM and the problem of time in QG. On the 
other hand, we propose a parametrized theory for QG, 
which can be considered as a promising solution to the 
problem of time. 

For the sake of simplicity, in this essay we only consider 
minisuperspace models for QG ||Tl[| . The full superspace 
formalism will be discussed elsewhere ]T^ . 

Let us start with the spinless relativistic point particle 
in the PTF. Let {|a;'^)} (// = 0,1,2,3) be the basis of 
localized states of the position operator X'^ spanning a 
linear space endowed with a scalar product, 

($1*) = J d'^x^*{x'')^ix^'), (1) 

satisfying the normalization and the completeness condi- 
tions, 

{x''\x'^') = Sixf" - x'^), J d'^x\x''){x''\ = I. (2) 

In this coordinate representation the state of the system 
is represented by the wave function, belonging to a four- 
dimensional Hilbert space, 

= (a;^|*), (3) 

defined on the space-time manifold. The position opera- 
tor and its canonical conjugate variable, the momentum 
P^, satisfying {h = c = 1) 

[X^ P''] = -^r;''^ (77'"' = diag{+l, -1, -1, -1}), 

(4) 

adopt the well known expressions, 

(x'^lXt'l-^) = a;^5'(a;^), 

(5) 

(In Eq. (H) — i was chosen to preserve the sign in the 
ordinary relations for the spatial part.) 
In the Schrodinger picture, 

|vE'(x^r)|^ (6) 

represents the probability density for the system to be 
at the space-time point x'^ at "instant" r. The wave 
function evolves with a Schrodinger equation, 

-l-^^(xf',T)^n^{x^\T), (7) 

ar 

where 

n = ^v'^'P^.Pu (8) 
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is a super-Hamiltonian (free case) which plays the role of 
a mass operator Q . 

The super-Hamiltonian as well as position and momen- 
tum operators are Hcrmitian in the inner product (0). 

A stationary solution of Eq. (|^) is 



(9) 



where ipi^^) is a solution of a generalized Klein-Gordon 
equation, 



_d d_ 

dxt^ dx,, 



iPix") + m'^iPix'') = 0, 



(10) 



where the mass eigenvalue is not restricted a priori 
to be positive. Thus, the theory will describe real (on- 
shell) and virtual (off-shell) particles in a more symmetric 
way, which could be appropriate for the curved space- 
time case, where the notion of real and virtual particles 
is relative. 

We can see that the theory developed is formally iden- 
tical to ordinary quantum mechanics. Then, all we have 
learned from this theory can be rewritten in the PTF. 

The PTF can be formally obtained, via a canonical 
quantization procedure, from an indefinite mass classical 
theory. It corresponds to a unitary realization of a sym- 
metry group which, at the classical level, is given by a 
subgroup of canonical transformations, whose generating 
function reads 



G 



XPM 



(11) 



where e^j/ = —^ffi, a^, and 6^ are real parameters. (Ho- 
mogeneous Lorentz transformations are represented by 
the unitary operator C = exp{ — |e^,yA/'^''}, under the 
scalar product given in (^).) 

The algebra of the generators of such a group, X^, P^, 
and M^"^ = X^'P'' - X^'Pt' + ^a^"^ (ct^"^ is the spin ten- 
sor), is known as XPM algebra The irreducible rep- 
resentations of the XPM group are constructed from the 
direct product of a covariant version of the Heisenberg- 
Weyl group and the homogeneous Lorentz group. In the 
spin case discussed above, this enlarged Poincare group 
can be represented in the wave function space defined in 
Eq. d). 

Let us now come back to the localization problem. 
Note that from Eq. (0) it is immediate that, in general. 



(12) 



while the commutator vanishes in the standard (on-shell) 
RQM, showing that the Heisenberg algebra (Q) is only 
realizable in an indefinite mass theory. Moreover, from 
( p^ ) we can readily see that it is not possible to local- 
ize definite mass states preserving the Lorentz invariance 
of localization. Position operators such as the Newton- 
Wigner one are recovered on-shell, but now their in- 
terpretation can be clarified (Ref. ||l^, and see also Ref. 

!)• 



The localization problem lies in the fact that the tem- 
poral coordinate has an ambiguous character in RQM. 
Such a problem could be actually called "the problem of 
time in RQM" — at least for the usual notion of time. As 
a consequence it is not possible, in this scheme, to find a 
consistent quantum mechanical formulation for the rela- 
tivistic particle (i.e., the construction of a Hilbert space 
with a conserved non- negative norm). This issue can be 
bypassed in two alternative ways. One can consider the 
temporal coordinate as a parameter, but then the one- 
particle interpretation fails. Thus, one can abandon this 
avenue and turn to quantum field theory, where space- 
time coordinates are parameters. This way does not solve 
the localization problem; the problem was swept under 
the rug On the other hand, using the PTF one 

can return to a one-particle theory (completely equiv- 
alent to quantum field theory but with the significant 
advantage that one can deal with a "one-particle" con- 
figuration space; Ref. [0). Introducing an evolution ab- 
solute parameter r, the space-time coordinates can now 
acquire the same status as operators. 

PTF "solves" the problem of time in RQM. How- 
ever, we have learned something else: the way to con- 
struct a consistent quantum formalism in an originally 
reparametrization invariant theory.^ This is the impor- 
tant analogy that we can mimic in QG. Of course, there 
is no problem with the role played in QG by time if we do 
not adopt the canonical quantization procedure ||l^j^ If 
we adopt this proceduce, the problem then is that time 
is completely absent in the Wheeler-DeWitt equation. 
What is still unsolved is the construction of a suitable 
quantum mechanical theory for a wave function indepen- 
dent of time. The PTF provides a way. 

Let us compare the relativistic particle with the canon- 
ical formulation of QG for minisuperspace models. 

The analog of the super-Hamiltonian (||) is given (in 
the 3 + 1 decomposition of the metric) by 
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2M2 



r{q)PaPb + M'V{q), 



(13) 



which resembles the Hamiltonian of a particle of "mass" 
in a curved background, fab is a metric on min- 
isuperspace and M is the Planck mass (the subscript m 
denotes minisuperspace). pa is the momentum conjugate 
to which represents certain components of the three- 
metric and certain modes of the matter fields. The term 
V{q), which plays the role of a potential, could also be 
introduced for the relativistic particle but it does not 
modify the line of this discussion. 



^The usual on-shell covariant action for a spinless particle is 
invariant under reparametrizations of the "label time" (which 
is not the parameter r of our proposal). 

^In the context of minisuperspace models one can overcome 
the problem of time by adopting a "third" quantization the- 
ory. See e.g., Ref. H. 
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We can establish a paralellism with the formahsm de- 
veloped above. Considering the configuration variables 
(7°, we can repeat the reasonings of Eqs. defin- 
ing the inner product (conserved in r) as 



(14) 



($1*) = J d>v^$*(g-)vl,(g-), 



where n is the number of niinisuperspace coordinates, 
and identifying 



Pu. 



Pa, 



(15) 



as canonical variables. Thus, we can give a Hilbert space 
structure to the space of wave functions ^'((7") by de- 
manding that they be square integrable with respect to 
The corresponding evolution equation reads 



i — ^{q\T)^nra^{q\T), 



(16) 



where Hm is given by Eq. (|l^). (The time-dependent 
Wheeler-DeWitt equation has also been discussed re- 
cently in Refs. [|o|j2|].) 

The rest of the formalism follows the outlines of quan- 
tum mechanics. Obviously, in this proposal we are not 
forced to restrict the allowed "observables" in the theory 
to be those which commute with the Hamiltonian (as 
it happens in the "naive interpretation" of the Wheeler- 
DeWitt equation, Ref. [^). Nevertheless, as in Eq. (10), 
we can restrict the theory to admit only the on-shell so- 
lutions of the eigenvalue 0, which correspond to solutions 
of the Wheeler-DeWitt equation. 

The retarded propagator of the Schrodinger equation 
( |l6| ) , which gives the transition amplitude for the system 
"to evolve" between at r = and at r, is just 
(?(T)((7°|e'^"'^|qo)- The corresponding time independent 
Green function reads 



G(<z^go") = 



+ 00 



(17) 



In the analogous expression for the relativistic particle, 
selecting a particular value of the mass and putting a 
regulator term in order to damp the oscillations for 
large r, one obtains the standard Green function for the 
Klein-Gordon equation, with the Feynman prescription 
to avoid the poles. This is just the result obtained from 
the second quantization of the Klein-Gordon field. In 
the same way the Green function (^ is equal to those 
derived by proceeding to the quantum field theory of the 
Universe ( "third quantization" ) . 

The propagator in Eq. ( p^ ) can be conveniently ex- 
pressed via a path integral. The derivation essentially 
follows the same steps as in ordinary quantum mechan- 
ics (see, e.g., Ref. |2^; the original derivation of the path 
integral of a particle in curved space-time can be found 
in Ref. Q). It gives 



Jo J Jo 

(18) 

where we can see the classical action S = J^iPaq"' — 
7i,„](ir' corresponding to the "free constraint" theory. 
These calculations are examples of a very important 
property of the PTE. Since in the theory, the constraint 
Hni = is not present, the path integral does not present 
any difficulty, unlike the constrained system. The same 
result (|l^) has been recently obtained by Halliwell p^ ] 
using the method introduced by Batalin, Fradkin, and 
Vilkovisky j2^] based on the BRST invariance. To com- 
pare his result with ours we must identify dr with dNt, 
where N is the lapse function appearing as a Lagrange 
multiplier in the action S = jQiPaq"" — NHni]dt' . The 
latter identification was originally made by Teitelboim 
|p6| for the relativistic particle as well as the gravita- 
tional field, imposing a gauge fixing condition. Even if 
the different approaches give the same expression for the 
Feynman Green function, we believe that our proposal is 
not only a very simple way to attack the problem of time 
but also gains in physical content. [| 

The original goal of this essay was to establish a par- 
alellism between the localization and the time problems. 
However, a door is open: the off-shell theory (such as 
the virtual particles appearing in the PTE of RQM). Its 
physical implications and a more detailed discussion will 
be considered in a separate work [|l2|. 
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■^As was pointed out by Stephens there are several dif- 
ferent approaches by which one may arrive at the PTF for the 
relativistic particle and the same statement is valid for QG. 
From these alternatives we have chosen the Feynman proposal 
which has a richer physical content than the others. 
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